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Abstract

The analysis of the symmetrical top is a fascinating topiclessical mechanics. It is a simple system that
exhibits counter-intuitive behaviour. It's famous “grrdefying” behaviour is well known. This brief paper first
explores the Lagrangian formulation of the symmetrical itop uniform force-field (e.g. gravity). After establishing

a few constraints, a dynamic model is presented. From thdemprecession rates and nutation behaviour are deduced.

|. INTRODUCTION: THE LAGRANGIAN FORMULATION

Most people are familiar with the bizarre balancing behawif the spinning top. Why causes the heavy spinning
wheel to remain perched on its pointed stem, in apparentraefiaf the pull of gravity? How can we develop a
mathematical model of this behaviour? This paper will detainethodology for quantifying the mechanics of the
spinning symmetric top (gyroscope in a gravitaional field).

The geometry of the symmetric gyroscopic top in a gravitedldield consists of a “heavy” wheel on a narrow
stem whose bottom point is fixed to the origin, but is free tmt® (as shown in Figure 1).

The 2’ axis passes through the center of rotation of the top. Théeomaif the top can be expressed in terms
of the so-called Eulerian anglés, 6,). The variabled is the angle that the’ axis makes with the stationagy
axis. The variables is the angle that is formed by the projection of tHeaxis in thex — y plane and the: axis.
Counter-clockwise rotation yields positive angles. Thaalde ¢ is the angular position around thé axis. Since
our top is circularly symmetric, the choice of origin fgris arbitrary. We will only be concerned with the rate of
angular rotation of the wheel about, given by<). Other dynamical variables of interest are the time deivieat
of ¢ andd. These variables andé describe the precession and nutation of the top. The lenfgtheostem is!.
We assume the mass of the stem is negligible with respecttootithe wheel. The acceleration due to gravity is

g and is assumed to point “downwards” along the axis.

This is not a peer reviewed document, so the reader is intitddke any assertions posed in this document with a graimlof Bhe author
has made every effort to minimize errors, but some may escapiee. Readers are encoraged to contact the authutl atade@ieee.org with
any comments or corrections.
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Fig. 1. lllustration of the symmetric top on a long stem. Ntite orientation of the axes.

The most convenient way to derive the equations of motiothisrsystem is to use the Lagrangian or Hamiltonian
formalism. We will focus on the Lagrangian method in this @aprhis formulation is readily converted to the
Hamiltonian form using a simple transformation that is kefthe reader to explore.

The Lagrangian of the top is deceptively simple, as seen)in (1
S 2 . .
L=1I, (w + ¢cos 9) + Iy (92 + ¢? sin® 9) — mgl cosf 1)
I, is the moment of inertia for rotation around theaxis (= ma?/2 for a disc of radius: and massn, ignoring
the mass of the stem]Jy is the moment of inertia of the whole structure about ther y axis. For the wheel on

a stem of length, we have
Iy = mi* + ma®/4 (2)

We see that the Lagrangian does not depend on the variable®r t. As a consequence, the angular momenta

pe andp, and the total energy are invariant (i.e. conserved). Utilizing the relationshi
d (0L oL
E(a@-)_azi =i 3

wherez; represents the system canonical coordingteg and@; f; are externally applied forces (torques), here

assumed to vanish. Applying (3) to (1), we deduce the follgrtonservation laws:

oL S

8_1/} = Iy (1/1—}—(;5(:059) = Py 4)

g—g = Iy (1/}+q5c059) cos@+[0q551n29:p¢ (5)
1 . 2 1 o .o

E = 211/, (¢+¢cos€) + 210 (9 + ¢° sin 9) + mgl cos 6 (6)

The valuespy, p, represent the angular momenta about thand ¢ axes as well as the system total energy
E. THese are constants of motion and, as seen below, are émdiggle quantities for deriving other aspects of the

top’s motion such as precession and nutation.
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Il. PRECESSION

The reader is probably familiar with the gyroscope’s slovelaig behaviour as it apparently defies gravity in its
odd leaning without falling over. This is precession: moesmthrough the azimuthal angle For the moment,
we will ignore nutationd = 0 and focus on the leaning angle assumed constant, and the rate of precession

We shall use the Energy Method to derive the precessionTais.entails finding a point where the total system
energy is stationary with respect to the angle.e.

o =0 0
We can do this becaudé is a conserved quantity set by the initial conditions. Thergyp must be a “stationary”
or extreme value equal to the total system energy. Any dewian ¢ from the correct value represents an error in
the solution that pushes away from stationary value. Thiwides us with a handy mathematical trick for finding

important physical properties of the system.
Since we ignore nutation (only steady precession is assymeckeliminate the variables and¢ in E by putting
E in terms of the invariants using (4) and (5). We get:
_ ﬁ (py — Py cOs 9)2
21, 21, sin? 0
Taking the derivative off with respect to the elevation angleyields

+ mgl cos 6. (8)

OE (Pp — Py cOs B) Py sin® 0 — sin @ cos 6 (pp — Py cOS 9)2

a0 Ipsin* @

— mglsin 6 (9)

Solution of (9) forf yields the angle at which the gyroscope will lean given theespof rotation of the wheel.

The angled is found by solving (9) for the roots in terms of the invariaptantities. Note that (15) contains
contributions from both the high speed wheel rotation aleeit” axis () as well as the precession motion around

the z axis (¢). This is because the and 2’ axes are generally not perpendicular to each other.

The precession rate is found by reorganising (5) into

. Py — Py cosb
b= Pe =Py cost

Ipsin? 0 (10)
The relationship in (9) can be rearranged by grouping temms,i— p,, cos ¢ to read
Z% (ps — Py cos0)” — (ps — py cos ) + %jmge =0 (11)
Using the quadratic formula to solve for the roots of this an, we have
P — P cos = p;cs(ijeo (1 N \/1 j 4mg;$20089> | .
If we use (10) in (12), an explicit expression for the prew#ssate is produced in terms of the invariants and
the angled:
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The quadratic equation produces two solutions: the sedélhst” precession and the “slow” precession solutions.
If the rotational speed of the heavy wheel is very large fige>> \/4mgl cosf), the fast precession rate is

Dy _ wa
Iocos  Iycosf’

foast ~ (14)

Incidentally, the rotational speed of the wheel (usuallycmbigher than the precession speed) is given by

w:@:ﬂ.}fd)cos& (15)
I,

This expression is simply a recasting of (4).

The slow precession rate is found by using the small arguaygmtoximation for,/1 — x:

1
\/1—,73%1—51; (16)
Hence, we find that
. mgl  mgl
dslow ™ —2- = (17)
slow Do Tyw

It is interesting that the slow precession rate does not ke the “leaning angle®. The gyroscope will
precess at a rate solely based on the wheel speed and the tgegarated by the gravitational pull on the center
of mass of the gyroscope. The slow precession rate is the asé ecommonly observed experimentally.

Now that we have an expression for the precession rate, Ing ($D), we can find the “lean angle” in terms of

the system invariants. Solving febs 6 in terms of¢, we get:
0 = (Io¢ — pg) + py cos 6 — Ipcos” 0 (18)

Using the “slow” precession rate, i.e. = mgl/py in (18) and the quadratic equation to solve fox 6, we see

that

2Iymgl 2 Dep

2

alymgl\ ( Tomgl/py —

cosf— —2v 1+ 1+< 0mg>(0m9/m p¢) (19)
Py,

Only the solution with the minus sign gives us a meaningfultian, becauseos 6 can only take values between

-1 and 1. Moreover, ipi > Iymgl, we can use the small argument approximation for the squerte-which gives

us:

Iymgl
L3 (20)
py by

Again, sincep,; is very large, this reduces further to

cosf ~ —

p
cos Olgan~ p_jz (22)

IIl. NUTATION

If we rewrite (8) including the kinetic energy @fdirected motion (nutation), we have:

2 2

T 20, 21, sin? 0
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A “potential energy” function that provides a “restoringde” can be written as
2 2
_ Py (pp — Dy cos B)
2[1/) 2[0 sin2 0
we can study the effects of the restoring force on @kgirected velocity. The magnitude of this velocity is found

V(9) + mgl cos b, (23)

to be:

2
Iy
The extreme values df can be found by solving for the roots & — V() in 6:

6] = (E—V(0)). (24)

— Dy 0)?2
E_w—p—w—ngCOSGZO. (25)
21, sin® 6 21

Settingz = cosf and reorgansing into a cubic polynomial equation, we have:

2 2
20y | E — Py ) _ pi + (2pgpy — 2Igmgl)x — ¢ 21y | E — Py + pi z? + 2Igmgla® = 0 (26)
21, 21y

By solving forz in (26), we find one or two roots between -1 and 1 and anotherphgsical root [z| > 1).

The two physically meaningful roots will yield the span ofgées of the nutation. If the roots are equivalent, there

is no nutation; only smooth precession.

IV. EQUATIONS OFMOTION

The equations of motion are summarised below. Equation ¢28)be solved using a numerical method, using
(30). The remaining equations are immediately integratesed on the solution fdi(¢) and the initial system state.

We will not cover numerical schemes here. (perhaps thistvélk topic for the future, time permitting.)

. D — Dy COS O
= = 27
¢ Iysin® 6 @7)
. Dy Dé — Dy cosl
= v, & Iy ome 0 28
v Iy * Iysin® 6 cos (28)
.. oV
OV _ (py—pycos®)py  cosb (py — py cos)’ .
50— Tosin Tosin® 0 mglsin 0 (30)
V. EXAMPLE

Let us consider a simple example to get a feel for the order afmtude of the motion experienced by the
spinning top. Table | gives the initial state of the top aslwvaslthe various fixed parameters.

This yields the following set of parameters and invariararities:

I, = 1.25x10 %*kg-m? 31
P g

Ip = 233x103%kg-m? (32)
py = 0.0392kg-m?-s! (33)
)

ps = 0.0196kg-m?-s7! (34)
E = 12.4J (35)
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TABLE |

TABLE OF INITIAL PARAMETERS

wheel mass m 0.1kg
wheel radius a 0.05m
stem length | 0.15m

wheel spin rate 1o | 100rrad/s

initial precession rate| <i>o 0 rad/s

initial lean angle 0o /3 rad

If we wish to know the steady precession rate (only attaimabthe initial conditions are correct such that no
nutation takes place, or the nutation decays by slightidnet losses ), we use (17) to find

(0.1kg)(9.81m/52)(0.15m)
(0.0392 kgm?/s)

b= =375, (36)
or just over a half a revolution every second.

It should be noted that this precession rate representsvdrage value for swept-out azimuthal angle even in
the presence of nutation [1].

In order to find the range of anglé@svisited by the motion of nutation, we find the roots of (26)v&i our set of
conditions we find one real root that gives us an angle of Id&re. This indicates that the top oscillates between
the original (starting) lean angle af/3 ~ 1.05 and 1.3; that is, over a span of about 0.25 radians (or ab@st 1/
of a full revolution). This is a typical nutation range. Thaptwobbles over a fairly small angular displacement. In
practice, these wobbles tend to die out as a result of sliigtidnal losses leaving only the rapidly spinning wheel

and the precessional movement.

VI. LAST WORDS

In this brief paper we have attempted to summarise the phydithe rapidly spinning symmetric top using a
classical Lagrangian approach. By identifying a set of iiiargts, it is possible to deduce the mechanical behaviour
of the top’s gyroscopic action without having to resort td fiumerical (or analytic) solution of the equations of
motion. Numerical solutions were not carried out for thisrkydout the equations of motion are easily tractible

using classical time-integration methods (e.g. RungeaBackward Euler's Method, etc.).
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